
Analytenimatedrings-

emare we going ?

For an analytic adic space X= Spa(R,RT),
wewill define.The analytik-theory of X as

Ka"(X):= KEtimor (Nuc((R,Rt)))
↑

colegory of nudearmobiles-
attached to analytic wing

(R,R
+)

litistualizable cat
SToday We'll define Laminated) analytic ring

-

and define (R,Rt inthe case (R, RH is

a discrete Huber pair.



RecapofcondensedMaths

(after Clausen-Scholzel *

Def. A desed set/group/ring--- is a sheaf of-
-

sets/groups/rings/-.. onThe proetde site of
a geometric point priet
Here
,
a proot has as objects profinite sets , and
overs finit families of jointly surjectivemaps.

Given aTopological spaceTone associates a condensed
set I : Sprefinite sets -> Sets
s COST)

Th I defines a funster fromTopologicalspacesto
condensed sets which is fully faithful on "nice↓

Topological spaces" Ce .g . metrizable spaces).



RecallThat an extremally disconnected set S is a compact---

Hausdeft space such that any surjections'-S I
from S'ampast Harsdorft , splits-

-

Edit Extremally disc . sets form abasis for Aprict.

&K Possible solutionsto set theoretic issues :
&

1) Fix uncountable strong limit Cardinal k,
and define K-condensed sets GudkSets

(as above restricting to k-small profinite sets).
2) Condbets := lim diSetsCon

T
wherethe slim runs over unountablestrong limit
cardinals K

-

3) Define lightondensed sets--
Endsetslight

restrictingto metrizable prefinite sels.



WewillTake 2) as a definition.
Similarly , for any category(admitting filtered limits
End (C) := /im Gude(C)

,
where Cndk(2) := functors

T

L-smallextr. disc.sets)->
=

sending finite disjoint unionsto finite products.

Rop. The category ofondensed abelian groupsCondAb
is an abelian category satisfying same Grothondieck
axioms as Ab .

(but no non-zero injective objects) L

Moremner, it is generated by the compat projective-

object XIS) , for varying extremally disconnectedS I

prefinite selj s
Home
, for any condensed selX

,
we define the free and

abelian group--
2(X)

asthe sheafification of 52K[X(S)].



kThe functor fromTopological ab. groupsto
End

.
ab . Groups ommutes with limits ,but

not with limits. E .g.

-F / new object,
↑has indiscrete it"remembers"
Topology Topology onR .

There is a good rotion of completion for and . ab . grops,
called solidification .
--

Let'sPryto understand 2/CS) for S prefinite set.
For S finite set,
-[s =U2/[S)En

where 223) En:= < [hsis) / [InslEn) < IS .



Et For S= Imbi , with si finite ,
(S) =Ulim2 [S:) < lim2 [S :].
ne En x

He For S=LimSi prefinite, with Si finite
MD

225) := im 225i] /"ompletion
i

(of ECS)
/Idea : Wantto "eurlarge2/25] allowing more"convergent sims"

Def Mt GudAb is selbabeliangrop it ↳ spefile-

28
Et M

-- !F
2 IS)

In other words
, Spofinite

Mi1

Hom(2/[6)
,
M) -> Him
,
122S)

,
M)

.

2

is an isomorphism.



Im 1)the categor
did <CandAb (A)

of solidabelian groups is an ab . eat- Stable under
limits

,
dimits and extensions /

2)The inclusion (A) admits a left adjoin
GudAb-> Solid :Mr> M*

Taking 2/23) To 2S)*.

3)The obj. 225)" , for varying Sextr idisc. set, are compact

projective generators of Solid ; 2/25)
"
=[21, forsome

-

Theobj#2 ,forvaryingI ,arethe compat proj . Obj of solid.

4) FCED(Solid) ,XSprofile ,RIOm(2/2S)"-C)ERHom(2/3),C).

Examples 1) For any A discrete al group ,A tSolid

3) p
= Lim2/ E Solid , Qp =2/p[fp)E Solid.

↳ Forany Op-Banach space V, VE)&210) [Fp) ESolid.



For M, N -> Solid,
MN :=(MN)

*

-

This defines a symmetric monoidal tensorstructure onSolid.

E(#2) (12) =#21 , franyF.
=e

Example &&UD"XTD = &U,TD
--

- AndiPic rings (-

Let A a condensed associative ring call ringswill be unital).
Want define notion of "completion" for

ModAnd : = Moda (GudAb) measures/modules

Def. An anahitic ring is a pair (A ,MFwhereA is--

and . ass . ring , and M is frustr
M : ExDisc -> Modd : S4 MIS)

extremally disc .Sets



Taking finite disjoint uiousto finite products ,together
with a naturaltransformation s->MCS) , satisfying
following property : for any complex

C :... - (i + -.. +(,+(0-0

with Cit Mode which is direct sun of MES)'s for
StExDisc

,
The map

&

MRHom)[S]
,
C -> RHin (AES)

,
C)

A
-A

is an isom. Gall S'EExDisc.

Hone
, fir MiN-> Modyend , RHOm(M, N) is def by
RIOm(M,N) (5) =RHOm (M&2,2(5),N)

for St ExDisc .
Prop. Let (A ,M) be an analytic ring.-

1)The full substand
/ >

ModcA
,M)< Mod and Cat

(A,M)-complete maddes"



of A-mod .

McP. U StExDisc

CArm(MES),M) -Homa(AIS),M)

isanTom . is an
abion

.

c- stable under limits
,
chines,

The objects MIS) , StExDisc , form family of compat
projective generators.
The inclusion (a) admits a left adjoint

Moderd -> Modca
,M) :
Mr"Ma(A ,M)"

sending ACS) To MES)
, for St ExDisc .

2The funcio D(Modoan))->D (Modod
is fully faithful with ess . image stable under limits and
climits , and given by CED/Modd) .FStExDisc.

RHoma(MIS), -RHima(ACS),C)
is an isom ; inthis case also RIMA's agree.

-

-

-



Examples (of analytic rings)
-

1) 2 : = (2
, Mit with
-

M : EXDisc -GudAb : S +x2[S)
*

2

is an analytic ring.
2) For any discrete ring A ,
(A ,
2 : = (A m) with-

/ A

M= ExDisc
-> Mode: S-> 2/25)* *,A
Die ring Cis an andhy

*In fail , as MAIS) = 2 S)"A /since 225]
*ET2

-

and A is discrete).This feltors formally by Jenser hom
adjunction from1) .

II
II(This suggest we wantto derive our rings to haveS

for and s)"base change property" lytic ring
Them For any fin. gen . 2-alf ., As : = (A ,Mal withD

-
= Disc-> Modond : S=LimSi te lim ALSaMA: It

Ei
is an analytic rinf .

↑
finite



(for SeExDisc, M (S)=A , for some set1).

Ex. For any discrete . Wing A,
Ap := Clim A' is an analytic ring.hi

A-A
A f .f . 27subalg

s Analific animated rings
-

de Lite cat having all small climits ~

"

Denot "ce full aboat of compact projective
objects. Assume e is generated under small limits
by e -

The animation of 3 isthe x-st . Anice) freely-

gen. Under sifted dimits by C .

Examples 1) C =Set , C= <finite setsy-
Ani(C) =:Ani

isthe a-cat of anima (or spaces)



More concretely
,
set by inverting weak equences.

2) C= Ab , C = ) finite free abeliangrops4
By Dold-Kan equivalence,

Ani(Ab) = Axo (Ab) .
3) C=EndSet , C = ExDisc

Anilluddef) animated and sels.
4) C=GndAb

,
C - direct ammands of 2/25),).terSGExDisc

Ani (GudAb) =D x (GudAb)-

3) C= GndRing , CP = retracts of 2/ [N(S)),4 for SeEXDisc
Fact E gen. under small dimits byC.-

There is a natural equi ofa-categories
Gud(Ani(2)) = Ani (Gud(C)).

- gen under smallelims by cmp. proj .obj



If Ananalytic animated associative ring is a pair (A,M)----

where A is animated ass . and ring , and

M: Exdisc -Dxo(A) : <>MIS)
is finiter taking finit productsto finit direct suns,
Together with a natural Transformation S-MCS)
of cadensed anima , salifyinf following property :m

firany C->Ds,(A) That is sifted dimit of objects
ofthe form MISS.The map

HimDxo(AL (MIS').C) -> HOMA
,o(A)(ACS'],C)

of condensed anima is an equir. S'-ExDisc
.

Def. Let /A,M) analytic animated associative ring.
We del-A.(A ,M)CDxo(A)
asthe full -subcat Spanned by all (EDs.. (A) sif.



FSEExAic
,
themap

#Om -xoA) (MIS) ,C)->(Ma...(A)(A 2S)
,C)

ofand- anima is an equivalence.

Prop . Let (A ,M) be analytic animated ass ring.-

1)The ast Asso (A,M) is gen. under sifled dimits
by M23) , for verying .

StEXDisc, which are

compact proj . objects ofAsolA,M1. The fill diabat.
Axo(A

,M) CDxo(A)

is stable under all limits and colimits
,
and admits

·left adjat
-

A (A ,M :Dxo(A)->DxolA ,M)

sending ACSS To MCS).
2)The 4-st. Asso (A,M) is prestable . Its heart is
The ab-cat AP (A, M) That isthe fill subnat of
Mediona gen . under colimits by ToMCS), forSEEXDixc.



An object (ED. (Al lies in Dxo(A,M) if Hi(C)ED")A,M)Vi.O

#fA isEnd. animated smmring,More is aunique simm.-

monoidalMatre - Ant On Dx(A,M) making --A (A,M)symmidd.
Lef. A map of anahitic animaled ass . rings (A,M)-> /BIN)------

is a map A-B of And. animated assips sit
the forgetful finitor Da-olB,N) ->Aso(A) Talles image
in Dxo(A

,
M)

-

Prop. 6t + : (A , M) -> /B ,N) be a map ofandhatic-

animated ass. rings. The forgetful funher
Axo(B

,
N)->Aso (A

,
M) admits a left adjeht

-

(A ,M) (B,N) : Dx. A,M)->DaB,N)
↓
- ding MISSTo NIS) . ..
son

&

1 The following result only holds in the animated setting!
-

Prop . Let (A,M) andific animated ass . ring. , y :A eB-
H

E -

a map of and animaled ass rings.. The funcion
N : ExDisc+DaolB) : S2 N(S): =B2S)a(A,M)
defines analitic animated ass . ring (B ,N).



Proof (Inthe case A is commutative).

Wis For any <-DolB) sited sim . of NCT) forTEEXDis

#Mas(B)(NIS) ,E Mao(B)(BIS) ,2) , UStExDisc.

As (tD>(A ,M) ,we have
Hom
- DoA)(NIS),Ch= Maao(A)(B(S) ,)

=> HumbdB)(NIS)*B,)= (B) (BLS) AB ,c)

↳Bo(B)(NIDAM,) Hom (BISMIC)
↓osmilt,t

=

- DxB)

*MEDx(B)
Hamas/B(NCD) (B*a),)=Emma(B)(BIS) (BaMl,)-
The objects ofthe form BAM EDB) for M-Axo(B)
generate all DoB) under dimits; Consider resolio ofB

....-BABAB-BoB - B. .
This impliesthetelement. ⑭



Prop . Let (A ,At) pair of discrete comm rings with At CA.
-

I

-

The animaled andylic ring (A,At) := (A,Mat) whereD#

Mat : ExDisc->DiolA) : SHACS) At a

is ofrncaled and

ACS) ***A E A*A+ A-[S]&

D

Proofsketch Notethat A is At-complete : as A is discrete,"D-
--

it canbe written as clim ofopies of At (which is At Eempl).

Therefore
,

ALS)***At(AAt[S]) *+At

=A A t (S]
C⑰

*A

So, it remains.T nicethat A Abhs] is onc . in

defo ,
and Air-complete ⑰

Fact Me comm. rifs with AtCA.- Given (A,At) pair of discre
We have (A ,A") = (A,Atba



where CA integral closure of At in A.
Def- A discrede Huber pair is a pair (A ,At) of discrete-

--

Comm , rings with A tCA inlegedly closed .
-Alternative characterization of analytic rings---

Prop . Let A be a condensed animated associative ring.
-

Afull sub .-a-ct. DC Dzo (A) is of the form
DadA

,
M) for a necessarily unique andylic

ring structure (A ,M) on A if it satisfies
The following onditions :
(1) The subst ACD20(A) is stable under limits

and limits.
1) The subcat DCAso(A) isstable under

Homas
./GudAb) (M , -) , for any MEDco(6ndAb).

(3) The inclusion ACAsolA) admits a leftadjoint.



lautomatic up to set-Merrelc issues)

Roof Forthe forward direction (1), 13) clear , and for (2)
one can reduceto checking the stability under

Hom AsolbndAb)(2/2D),-) , for any SEEXDisc .
Conversely , we def . MCS) as the image of AIS) under
the left adjoint from 131 . Then ,UCED, USE ExAisc,

Armas (MIS) ,C)= Hom (A(S),C)DxoA)

is an isom of anima , and by (2) we also have an isom -

of condensed anima replacing Hom with Hom : in fact,
FTE ExDisc

,

Homasoa) (A [T] , m as,Al( .

MIS)
,CL)

= Homa(A) (MIS), Do (ACT),CL

(2) = HomaxolA)(AIS) , HomdsolA) (A[T] , (1)

= Hom
psolAl
(ACT), #AsolAl (ALS),C))-



Lastly, by 11) , Dontains all sifted climits of MISS's,
sowe are done. ⑭


